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Abstract: Parent actions for component fields are utilized to derive the dual of super- 
symmetric U{1) gauge theory in 4 dimensions. Generalization of the Seiberg-Witten map 
' to the component fields of noncommutative supersymmetric U{1) gauge theory is analyzed. 

^ Through this transformation we proposed parent actions for noncommutative supersym- 

metric U{1) gauge theory as generalization of the ordinary case. Duals of noncommutative 
supersymmetric U{1) gauge theory are obtained. Duality symmetry under the interchange 
of fields with duals accompanied by the replacement of the noncommutativity parame- 
ter with G^jy 

— 9 ^/lupa®^'^ of the non— supersymmetric case is broken at the level 
of actions. We proposed a noncommutative parent action for the component fields which 
generates actions possessing this duality symmetry. 



Keywords: 



Electric-magnetic duality, Super symmetry, Noncommutativity 



Contents 

|l]. Introduction ^ 

|2|. Parent actions for component fields § 

|3|. Supersymmetric Seiberg Witten map P 

^ Duals of noncommutative supersymmetric U{1) gauge theory 



1. Introduction 

Electric-magnetic duality invariance of Maxwell equations can be formulated at the level 
of actions due to a parent action which generates both the original and the dual actions. 
This approach was used to derive dual of noncommutative U{1) gauge theory [Ql after 
transforming noncommutative gauge theory to commutative one by the Seiberg-Witten 
map[^. Here we study dual transformations of noncommutative supersymmetric U{1) 
gauge theory in 4 dimensions using a similar procedure considering the component fields 
of super fields. 

Parent action of "ordinary" supersymmetric U{1) gauge theory was formulated by 
superfields[p. In terms of component fields we define two different parent actions which 
yield the same dual symmetric actions. 

Noncommutative supersymmetric U{1) gauge theory can be defined as generalization 
of supersymmetric Yang-Mills gauge theory either through superfields[^ or using their 
component fields Q. To derive its dual theory by performing duality transformation for 
the ordinary fields as in one should find a transformation which generalizes the Seiberg- 
Witten map0 to noncommutative supersymmetric U{1) gauge theory fields. This trans- 
formation was studied in two different ways through super fields We utilize both of 
these approaches to define a generalization of the Seiberg-Witten map for the component 
fields. Then we write noncommutative supersymmetric U{1) gauge theory in terms of the 
component fields which are valued in commuting space-time. We only deal with the terms 
up to the first order in the noncommutativity parameter 0^^. 

Generalizing parent actions of ordinary supersymmetric gauge theory and using the 
map between "noncommutative" and ordinary (commutative) fields we propose two differ- 
ent parent actions. Both of them generate noncommutative supersymmetric U{1) gauge 
theory given by the component fields defined in commuting space-time. However, they 
yield different dual actions. At the first order in Q^^j one of the dual actions does not have 
any contribution from the fermionic and the auxiliary fields. Moreover, it does not lead 
to the dual action of non-supersymmetric gauge theory of [Q]. The other parent action 
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generates a dual theory which embraces the results of [||. However, this dual action is not 
in the same form with the noncommutative U{1) gauge theory. Thus, duality symmetry 
of the non-supersymmetric theory given by replacing the field strength F'^'^ with the dual 
one Fj^"^ and Q^^, with Q^^, = g^e^upa^^^ is not satisfied when actions are considered. We 
introduce a parent action for the component fields which generates actions possessing this 
duality symmetry. Unfortunately, it is not clear if these duality symmetric actions are 
supersymmetric, though they are explicitly gauge invariant. 



2. Parent actions for component fields 

Working in 4 dimensional Minkowski space-time and the A'^ = 1 superspace (x^, Oa^ 6°') we 
consider a general chiral superfield (not a supersymmetric field strength) Wa and a real 
(dual) vector field Vd to write the parent action Q 

ip = J-j d^x{ j (few^ + j (feW^) + d^xd^eiVoDw - VddW) (2.1) 

where Da is the supercovariant derivative. We use notations of Q. Equation of motion 
with respect to the super vector field Vd leads to the supersymmetric generalization of the 
Bianchi identity 

DW-DW\w = 0. (2.2) 

Its solution is the supersymmetric field strength written in terms of the real vector superfield 
V as 

Wa = ^D^DaV. (2.3) 



Replacement of W,W with the solution (2.3) in the parent action (2.1), which is 
equivalent to perform the path integral over Vd in its partition function, leads to 



I= — I (fx{ I (f9W^ + I (feW^). (2.4) 



1 

W 

This is the action of supersymmetric U(l) gauge theory. 

On the other hand, when solutions of the equations of motion with respect to Wa and 

~ a 

W following from Ip are plugged into (2.1), one obtains the dual action 

Id = ^ j d^x{ J (fowl + j cPewl) (2.5) 

where Wd is the dual superfield strength Woa = ^D'^DaVo- 

The original and the dual actions, ( p. 4]) and (^]^), are in the same form except 
replaced with g^. Thus, one can conclude that supersymmetric U{1) gauge theory possesses 
(S) duality symmetry. 

Instead of superfields, we would like to consider duality transformations in terms of 
their component fields. It is straightforward to construct a general chiral superfield Wa 
that does not satisfy the condition (|2.2D as 



Wa{y) = -iK{y) + OaD{y) - ia^^PepFp,{y) + OOa'^^d^^'^iy) (2.6) 
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where y^ = + iOa^O. Here, A and ^ are two independent Weyl spinors, F^i/ is a complex 
antisymmetric field and D is a complex scalar field. Hermitean conjugate of the chiral 
super field Wa can be written as 

Tl^"(yt) = a"(yt) + rZ?t(yt) + i^7"^/3Ft^(yt) + mai^d^^i^^{y^). (2.7) 



Plugging ( |2.6D , (2.7) and the real vector superfield 

Vd = -{ea^'e)AD^ + ieeexo - mexo + -eeeeDo (2.8) 

into (^]^) the parent action in component fields is obtained 

Ip = Io[F,ij,X,D]+Ii (2.9) 

where we defined 

Io[F,i;,X,D] ^ ly d^xi-^F^'^F,, - l^e^-^'^ F,,F^^ - ^F^^Ft^ 

+ ^a'"'''''FUFL - - + + \m (2.10) 



and the Legendre transformation term 



h = \j d''x[-iF''''d^AD, + ^et'''^-F^,dxADn + iF^f'''d^AD, 



+^e^'^"^;1.5A^D« + ^Ad# + XfXo - \xuH - A^Az5 + iDo{b - 5^)](2.11) 

We now proceed as before to derive supersymmetric C/(l) gauge theory in terms of the 
component fields from the parent action ( |2.9| ): The equations of motion with respect to 
the dual vector field A/)^ 



1(5^F^- - d^F'^n - ^e^"^"5A(F^. + Fl^ 



= 0. (2.12) 

F=F 



lead to F^y which satisfy 

F^, = Fl,, , e^'^'-^OxF^, = 0, (2.13) 

which are solved by taking Ffj_u = d^Ay — dyA^ which is the field strength of the vector 
field A^. When we also use the equations of motion with respect to the other dual fields 

^i) = fX,^^=~^X,b-b^\^^j^ = {). (2.14) 



in the parent action ( |2.9D we obtain the supersymmetric f/(l) gauge theory action in terms 
of component fields 

1 = 1. j d^^l-^F^'^F.y - '-XfX - '-y^X + (2.15) 
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Similarly, we can obtain the dual action (^]^) in terms of the component fields using 
the equations of motion of ( |2.9D with respect to the fields Ffj_,y, Xjtp, D : 

{rj^'^r,''^ - i]^'^rj''^ + ie^"'^'')Fxn = -ig^v^^v""" " V^'^v'"^ + ie'^'^lFoxn, (2.16) 

# = -ig^fXo , = -ig^XD , D = -ig^Do (2.17) 
and the equations of motion with respect to F^u, Xjtp, D"^ : 

{ri^'^ri"'' - i^'^rf^ - ie'"'^^)Fl^ = ig^{ii^'^f'' - r]^'''ri^^ - ie^'^^'^)Fm«, (2.18) 

fx = ig^fXo , # = ig^^Xo , i)^ = ig^Do, (2.19) 



where Fd^j^ = d^Aoi, — duAn^. Solutions of them are plugged into (|2.9D yielding the dual 
supersymmetric U{\) gauge theory action (p.5|) in terms of the component fields 



lD = g^ j d^xh^F^^Fo^, - '-XDfXD - '-Xd^Xd + ^Dl]. (2.20) 

Instead of the complex field F^jy we can deal with the real antisymmetric tensor field 
Frij,u from the beginning. For this case we propose 

Sp = So[FR,^,X,D] + Si, (2.21) 

as parent action, where 

So[Fr,^,X,D] = ^ J d^x[-F^''FR^,-2iXa^'d^^-2iXaf'd^iP + D^ + D^% (2.22) 
and the Legendre transformation part 

-Ad^^S^A - ABa^a^,V + iDoiD - D^)]. (2.23) 
The equations of motions with respect to the dual fields Ad, Xd, Xd, F)^, 

s^^^p^O^Frp^If^^f = 0, (2.24) 
<^d,r - <.d,X^ = 0, (2.25) 
af^^d^Xa - al^^d^i,^ = 0, (2.26) 

(d-dA =0, (2.27) 

V J D=D 

are solved in terms of the field strength F^i, and real scalar field D. These solutions when 
used in the parent action ( |2.21 ) yield the supersymmetric U{1) gauge theory ( 2.15| ). 
The equations of motions with respect to the fields Fr^^, A, if), A, Z), are 

-\f^'' + e^^'P'^dpADa = (2.28) 

\D^-iDD = 0, \D + iDD = 0, 
5 9 

<.d, [-^r + as) = 0, a^^-d, (-^V'a - A^.) = 0, 
d^i-^X^ + Ai?«)a'^"" = 0, 9;.(-^A" + AS)a^ = 0. 
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Solving these equations for the dual fields and substituting them in the parent action ( 2.21| ) 
yield the dual of action of N=l supersymmetric U(l) gauge theory ( 2.2C| ). 



We conclude that both of the parent actions (|2.9[ ) and (2.21) generate supersymmetric 
U{1) gauge theory and its dual. 

3. Supersymmetric Seiberg— Witten map 

Noncommutativity is introduced through the star product 

iOfj-i^ ^ < > \ 

* = exp^(^^,^^- (3.1) 



where are space-time coordinates and 6^^'^ is an antisymmetric and constant real pa- 
rameter. Now, the coordinates satisfy the Moyal bracket 

* x'^ - * x^^ = ief'r (3.2) 

We assume that surface terms are vanishing, so that the following properties are satisfied 

d^xf{x) * g{x) = / (fxf{x)g{x), 



Generalization of the Seiberg- Witten map to noncommutative supersymmetric gauge 
theories can be formulated in some different ways. One of these is to generalize the def- 
inition of the map between the noncommutative gauge field A, noncommutative gauge 
parameter A and the ordinary ones A,\ to V iV) , K{A.^V) . Here V is a vector superfield, 
A is a chiral superfield and V and A are corresponding "noncommutative superfields" j^. 
Infinitesimal gauge transformation of the noncommutative supervector field V is defined 

by 

\V = i(A - A) - ^ [(A + A) * y - y * (A + A)]. (3.3) 

It has the properties of a non-abelian gauge transformation, although the ordinary vector 
field V gauge transforms as 

5kV = i{K-K). (3.4) 
Supersymmetric Seiberg-Witten map is defined as 

V{V) + \V{V) = V{V + 5kV). (3.5) 

In a solution of this equation is given in terms of superfields. However, it is nonlocal 
and do not yield the original solution of Seiberg and Witten 

A^ = A^- ]^Q^\AkdiA^ + AkFi^), (3.6) 
at the first order in the noncommutativity parameter Q^^^ . 



- 5 - 



On the other hand the approach suggested in is to generaUze the solution of Seiberg 



and Witten (3.6) to super symmetric case as 



+ca^f^e^"'VD'^DaDf3V + c.c, (3.7) 
A(A, V) = A + dD^ (^a^^e^^D^D/sV^ , (3.8) 

where a,b,c,d are some constants which should be fixed using {\i.6\). Though, it can be 
solved directly it is cumbersome. Indeed, its solution is not presented in Q. 

We would like to obtain a generalization of the Seiberg- Witten map to supersymmetric 
U (1) gauge theory in terms of the components of the superfield V. This will be performed 
utilizing both of the methods mentioned above. We adopt the definition ( p. 5] ) for super- 
symmetric Seiberg-Witten map but solve it for components of the superfield V keeping 
the original solution ( |3.6D . 

The vector superfield V in Wess-Zumino gauge and chiral and anti-chiral superfields 
A and A , respectively, are given as 

V = -{eaf'e)Af, + ioeex - mex + ^eeeeo, (3.9) 
A = (3 + i{9a''e)df,p + hem^p + V2eK - -^eedf.Ka'^e + eef, (3.10) 

A = /?* - i{ea''e)df,p* + -eem'^p* + V2eR + -^ma'^d^R + eef*. (3.11) 

Noncommuting superfields V , A, A can be written in the same form in terms of their com- 
ponents. At the first order in O'^'^ let us denote the noncommutative fields as V = 
V + V(i), A = A + A(i), A = A + A(i) and plug them into the definition (U). This 
will yield some equations for component fields by matching the same e order terms. In 
fact, the equations including only components of the superfields A and A are 

- = 0, (3.12) 
/(I) = f{i) = = '^(i) = 0- (3-13) 
Moreover, there are the equations 

Aii)^{Vi + 5Vi) - ^(1)^(^0 - 9^/3 = -Q^Pd,A^dp(5, (3.14) 

\i){Vi + m - A(i)(F,) = -Q'^PdAdpP, (3.15) 

\i){Vi + m - A(i)(F,) = -Q'^PdAdpp, (3.16) 

L'(i)(yi + 5Vi) - Z)(i)(F.) = -Q''Pd,Ddp(5, (3.17) 

where Vi denotes the component fields. 

Obviously, one can write (|3.5| ) in terms of a general vector superfield instead of choosing 



the Wess-Zumino gauge ( 3.10 ), which would have drastically changed the equations for 



component fields. However, we prefer to choose V as ( p. 10)) , so that, we deal with the 



equations (3.12)-(3.17) as defining supersymmetric Seiberg-Witten map. 
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One can solve these equations and get the noncommutative fields in terms of the 
ordinary ones at the first order in ©'"^ as 

A^ = A^- ^e-P{A,dpA^ + A,Fp^), (3.18) 

A = A - Q^Pd^Ap, (3.19) 
A = A - Q-'PdAAp, (3.20) 
D = D- e^Pd^DAp. (3.21) 

(|3l8|) and ( gl9|) are also found in |^ considering deformations of supersymmetric Yang- 
Mills theory while preserving supersymmetry. 

We also should define which is the noncommutative component field resembling 
needed to define a parent action to obtain duality transformation. We define supersym- 
metric Seiberg-Witten map of "0 as 

^ = - e^Pd^Mp (3.22) 

5 = - e^Pd.Mp, (3.23) 

which are consistent with ( p. 14 ). 

4. Duals of noncommutative supersymmetric f/(l) gauge theory 

Noncommutative generalization of supersymmetric U{1) gauge theoryj^ can be written 
in terms of the so called noncommuting component fields, although they satisfy the usual 
(anti) commutation relations, by the star product (3.1) as 

Snc = ^ / d^^[-\FP''Fp^ - ih^'Dp * A - iXaPDp *l + DD], (4.1) 

where Z)^ * A = (9^A + i{Af^ * A — A * Ap) and the noncommutative field strength is F^jy = 
dpAiy — di,Ap+i{Ap*A^ — Ai^*Ap). It is invariant under the supersymmetry transformations 
given by the fermionic constant spinor parameter ^ as 

6^Ap = iiaP\ + i^a^X (4.2) 
55A = (jP'^iFp, + i0, (4.3) 
6i:D = ia^Dp * A - ia^Dp * I (4.4) 
Making use of the generalization of Seiberg-Witten map to the supersymmetric case 



( 3.18 )-( 3.21 ) we write, up to the first order in B, the action of noncommutative supersym- 
metric U(l) gauge theory (|4.1|) in terms of the ordinary component fields as 



Snc[F, a, D,@] = j d^x{-^{Ff'''Fp, + 2QP^ F.pFP'^F^p - ^Q^'F^pFp^F^P) 



-^il'^^^dpX + e^^-'i^'XaPdpXFp, + ^XaPdpXF.p) 



-^Xa'^dpX + @>'''{^XaPdpXFp, + 
1 1 



+^{D' + -e'^'^D'Fp,)} (4.5) 
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Obviously, when we write this action we set the surface terms to zero while performing 
partial integrals. The same action was also obtained in ^ using a completely different 
approach. 

Supersymmetry transformations which leave (^^) invariant can be read from ( |4.2| )- 
(0) as 

-iQ'''\{i<yp^l^ + ^^P^^.X)A^, (4.6) 
5i.\ = a'^^^F^. + iiD + QP'^dpXiiia^X + i^a^) 

+QP-ia'^-^^F^^F,,, (4.7) 
5i:D = C>^a^A - ecT^S^A - ieP^i^ap'X + iapX)d^D 

+eP^Ca^Fp^d,X - QP-^a^Fp^d^X. (4.8) 

We would like to generalize the parent actions of the ordinary supersymmetric gauge 
theory ( |2.9| ) and ( |2.21| ) to the noncommutative case. To this aim let us first take Fpu 
complex and deal with 

loNC = / d'x[\F^''F,, + '-e^'^P'^FpJp, + \f^^''fI + '-e^'^'''^ fJ^J}, 

+iXa^'D^ * I + ila^'D^ * - ^D^ - ^D^^] . (4.9) 



It is possible to discuss supersymmetry and gauge transformations of ( |4.9| ), however, it is 
not needed for the purposes of this work. 

Although the transformations ( 3.1^ )-( 3.23| ) are derived for a real vector superfield, 
we suppose that they are also valid for complex fields. We perform the transformations 



(|3.18D - (|3.23D and their complex conjugates to write (|4.9|) as 

IoNc[F, A, ^P, D] = Io[F, X,^P,D]--^ J (fxl-FP'^ FppF,„ + —F^.F^'F, 



I r,'^ ^ Xk^ pfi-^ I'cr ^ ^ pv ^ pa ) 

o oz 



'-XaPdp^Fp, - ^XaPd.^Fpp - ^Fp^D^ + c.c], (4.10) 

where Iq is defined in (2.10). We define the parent action 

Ip = IoNc[F,X,^,D]+Ii, (4.11) 

where // is given in ( |2 . 1 1| ) . We would, like to emplictsize tlicit F^i/ is not a field strength but a 
complex, antisymmetric field. When the solutions of the equations of motion with respect 
to dual fields ( |2.12| )-( ^.14| ) are used in the parent action, it leads to the noncommutative 
supersymmetric U{1) gauge theory action ( [4.5| ). However, when the equations of motion 
with respect to the fields F, A, ip, D and their complex conjugates are solved and used in 
the parent action ( 4.1C| ) one finds 

IdNC = Id + ^e^" / d^Xe^""" [FDXnFDppFDua + ^FopuFDXnFDpa] , (4.12) 
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where is the field strength of Aij. Obviously, we cannot define any duality symmetry 
between ( [1.5| ) and ( [4.12| ). The latter does not possess any contribution in terms of the 
fields A,D at the first order in 0^,^. 

As the other possibility, let us take Ff^i, real and deal with 



S, 



oNC 



Through the supersymmetric Seiberg-Witten map (|3T8|) - (|3.23D , we write the action (|4T^ ) 



as 



Now, we define the parent action as 

Sp = SoNc[Fb^A,'^,D] + Si 



(4.14) 



(4.15) 



where as before F^^i, denotes an antisymmetric real field and the Legendre transformation 
part Si is given in (p.23|) . 

Equations of motion with respect to the dual fields Ad, X£),X, Dd are given as be- 
fore by ( |2.24|) -( p.27D . Plugging their solutions into Sonc leads to the noncommutative 
supersymmetric U{1) gauge theory (4.5). 

Equations of motion with respect to the other fields are 



i 



^9 ^9 



i 

'2? 



4^2 

(T^dp^pFRp^ - ^( 



4g2' 



4g2 



29' 



-^Aa^ - ^Q'-'Xa^Fnp^ - ^Q^^Xa^F^^p + \xna>^ 



0, 


(4.16) 


0, 


(4.17) 


0, 


(4.18) 


0, 


(4.19) 


0, 


(4.20) 
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+ 4^0^'^^«M^ + = 0, (4.21) 



^I)t + ^^Q^'^b^Fn,. - \Do = 0. 



(4.22) 



We solve these equations for Fii,^,X,D and plug the solutions into ( 4.15 ) to obtain the 
dual action 



Sncd = I d^xi-^iF^'FD^,, + 2Q^-FDupFP,'FDat. - ^e'^"i^D.M^Dp<xF''"0 



(4.23) 



where 



2 All/ pa 



e 



per; 



(4.24) 



When the fermionic and auxiliary fields Xo,Dd set equal to zero one obtains the result 
of 111: There is a duality symmetry under the replacement of A'^ with Aj^ and 0^i, with 
Qf_iu- Unfortunately, this symmetry accompanied by the replacement of A,D with A£),-Dd, 
cease to exist between the noncommutative super symmetric action (|4.5| ) and its dual ( 4.23| ). 
Inspecting the terms which obstruct the duality symmetry we can find actions in terms of 
the component fields which possess this symmetry. Let us define the action 



i:i@,F,\,~X,D)=SNC 



d^xQ^"" {\af,dPX + Xa^dPX)Fp^, (4.25) 



which can be obtained from the parent action 



Sp = Sp 



2g2 



d^xef"" {^a^dPX + iia^dPX + Xa^d^i^ + Xa^dP^f) Fr^,, (4.26) 



when the solutions of equations of motion with respect to dual fields A^, Xd, are 



plugged into it. Now, the dual theory which follows from ( 4.26 ) can be shown to be 

^d = 9''^{@,Fd,XdAd,Dd). (4.27) 



Therefore we conclude that the action ( 4.25 ) possesses the duality symmetry when the 
original fields are substituted by the dual ones and the noncommutativity parameter G is 
replaced with 0. However, whether the action ( [4.25| ) is super symmetric or not is an open 
question. However, it is explicitly gauge invariant. 
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